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Abstract
Inthisshortpaperwepresentanewtypeofproblemwhichweshall
callcollapsingsubset-sumproblem,andwealsopresentapromisingalgor-
ithmwhichcouldmakeitpossibletosolvetheproblemefficiently.Com-
putationalexperimentsareincluded.
KaywordscollapsingO-1knapsackproblem;
correlatedO-1knapsackproblem
subset-su problem;strongly
1 lntroduction
IntheclassicalO-1KnapsackProblem(KP)thecapacityisconstant,
however,thereexistsamorecomplicatedproblemthathasanonconstant
capacity.TheCollapsingO-1KnapsackProblem(CKP)issuとhatypeof
non-hnearknapsackproblem,andisintroducedbyPosner&Guignard[4].
TheCKPisfbrmulatedasfollows:
maximizeΣP」X」
ノ=1(1)
・ubjectt・蕩 騨 δ(Σ紛
ゴ=1)
xゴ∈{0,1},ブ=1,2,_,n,
〔141〕
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whereboththeprofit動andweight吻ofanyitemブaregivenpositivein.
tegers,andthe∂(・)ontheright-handsideoftheconstraintisagivenm6no-
tonenonincreasingfunctiononthediscretedomain{1,2,...,〃}.Withoutloss
ofgeneralitywewillassumethatwj≦b(1)fbranyブ,andthat
Σ ゴwノ>b(〃).Also,wecallthe〃variablesof乃`0-1variables.'Clearly,
theCKPisanextensionofKPandisNP-hardasimplied.Theapplications
ofCKParealsomentionedin[4].
且erewewillconsiderapplyinganadditionalconstraintsuchthatpi・=w]・
fbrallブto(1)assameasproducingtheSubset-SumProblem(SSP)fromKP.
Then,wehave
maxlmlze
subjectto
Σ 吻乃
ノ=1
か ≦わ(剤
a」∈{0,1},ブ=1,2,_,n.
(2)
Weherebycalltheproblem(2)CollapsingSubset-SumProblem(CSSP).Itis
lVP-hardasanextensionofSSP.
Recently,Fayard&Plateau[1]haveproposedanalgorithm,named
FpcK900rFpforshort,tosolveCKP.SincetheCSSPisaspecialcaseof
CKP,FpisapplicabletoCSSPwithoutmodification.Howeveritwouldseem
thattheperfbrmanceofthealgorithmdependsonwhetherprofit-to-weight
ratios(勿/吻,efficiency)arewidelydistributedornot.Theref6re,FPdoes
notseempromisingenoughtosolveCSSP.Moreprecisely,FPcouldnotfix
somanyO-1variablesofCSSPbyitssizereductiontests,becauseem-
ployingtheouter-linearizationofFPinorderto且xtheO-1variablesisiden-
ticaltofixingthoseoftheStronglyCorrelatedO-1KnapsackProblem
(SCKP)withanegativefixed-charge.Tothebestofourknowledgeit
shouldbeahardissue.
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Nowweneedanalgorithmwhichcouldcopewithnotonlythespecial
structureofdatainstancesthattheprofit-to-weightratioisconstantbutalso
themonotonenonincreasingcapacity.Inthenextsectionwepresenta
promisingalgorithmtosolveCSSP.InSection3computationalexperiments
arepresentedtoconfirmourview.Thelastsectionisdevotedtoconclu-
sion.
2.AnalgorithmforsolvingCSSP
Bef6representingthedetail,weintroducesomedefinitions:Let/V:=
{1,2,...,〃}andlet/beasubsetofハLThen,thecardinalityof/andthe
sumof吻fbrallブ ∈ ノwillbecalledthelengthandweightof∫respectively.
SometimeswecallasubsetofNsolutio〃.
Truthtotell,thepromisingalgorithmisaslightlymodifiedLsscoR
whichisanalgorithmproposedbyPandit&RaviKumar[3]tosolveSCKP.
ThealgorithmLsscoRtransf6rmsgivenSCKPtotheequivalentthatisSSP
withanadditionalconstraint:
maximizeΣP」X」
ゴ=1(3)
れ れ
subjecttoΣP」X」≦ ・+βた,β=ΣX」
ブ=1ノ=1
X」∈{0,1},ブ∈2>,
where勿=wブ+々foranyブ ∈ハ乙Ifthefixed-chargeゐisnegative,theright-
handsideoftheinequality,c+β々,isamonotonenonincreasingfunctionof
thenumberofO-1variablesequaltoone.Thismeansthatw6canregard
(3)asaninstanceofCSSP.
ConverselyLsscoRsupersededMCL(β):=o+βkby∂(β)isapPlicabletb
CSSP,becauseLsscoRdoesnotdependonthelinearityofMCL(β).
Moreover,LsscoRdoesnotdependonthevarietyofpro丘t-to-weightratios,
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becauseitwasdevelopedtosolveSCI(Ponwhichtheprofit-to-weightratios
arenotdistributedwidely.Consequentlytheroughalgorithmicsketchof
LssCoRutilizedtosolveCSSPisasfollows:
Sortallweightssuchthatwl≧w2≧… ≧w〃;
LB:=maXi{Σ1-1吻≦ ∂ω};/*LB≧1*/・
z*:=theweightof{1,2,...,LB};/*initialincumbentvalue*/
UB:=maXi{Σ ㌍ 。一ゴ+1吻 ≦ ∂(の};
i:=LB+1;
whi夏bi≦UBand之*<わ ωdo/*mainloop*/
Discardany吻,pr・vided吻〉 ∂(の一 Σ ㌘一。-i+2wl;
Replacez*withanimprovedone(iffound)
whileenumeratingallsubsetsofノ>withlengthi;
i:=i+l
done;
Thesolutionwhichgives2*isoptimal.
Inthesketch,LBindicatesalowerboundonthelengthofasolution.In
addition,thesubset{1,2,...,LB}givesmaximumweightamonganysubset
of/VthelengthofwhichislessthanorequaltoLB.Thusitisenoughto
makethemainloopstartati=LB+1.Conversely,UBindicatesanupper
bound.Infact,itcapitalizesonthenonincreasingcapacitythatthecounter
`i'proceedstoUBinthemainloop
.
Also,themannerofenumeratingthesubsetsofIVwithlengthiisthe
sameastheoneofLsscoR.Aremarkisthatifwefindasolutionthe
weightofwhichisequaltoうωwhileenumeratingthesubsetswithlengthi,
wecanterminatetheprocessingtooptimalitybecausewehavefbundan
optimalsolution.Itshouldbepointedoutthatthereisasenseinwhich
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SSPiseasierthanKP.Namely,onSSP,asolutiontheweightofwhichis
equaltothecapacityisoptimal,whilesuchasolutionisnotalwayssoonKP.
3 Computationalexperiments
Inthissectionwepresentcomputationalexperiments.Thedatainstances
providedfortheexperimentshavebeentakenfromSeries10-12in田,
whichareprescribedbythefirstrowinTable1:The勉indicatesthat〃z:=
maxi∈N{ゐω>0}.The∂(・)indicatestheupperboundofcapacities,thatis,
thenonnegativecapacities{ゐ(1),う(2),...,∂伽)}arerandomlygeneratedinthe
range[1,∂(・)]indescendingorder.Theweightsarerandomlygeneratedin
therange[1,1000]inallcases.Inthecasewhere∂(1)<1000howeverwe
haveadoptedanewrange[1,∂(1)-1】fortheweights.
InplaceofLsscoRwehereusethealgorithmxlscproposedbyIida【2],
whichhasthesamefacilityasLsscoR,solvingSCKPef丘ciently.Forthe
sakeofsolvingCSSP,xlschasbeenslightlymodifiedaccordingtothesketch
intheprecedingsection.ThealgorithmhasbeenimplementedinCand
thedatainstanceshavebeensolvedonSPARCstation-5.InTable1,each
columnforxlscreportstheaveragecomputationtimeof100datainstances,
expressedinseconds.
Table1:theperformanceofxlsc
∂(・) 吻
XISC
(sec.)
1000 1000
10000
50000
100
500
100
500
100
500
0.01000
0.01000
0.01000
0.01017
0.01000
0.00967
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4 Conclusbn
Aswehaveseenitsofor,thecollapsingO-1knapsackproblemwithan
additionalconstraintthattheprofitisequaltotheweightonallitemscanbe
solvedinafractionofasecond.Althoughwedonotknowwhetherthe
constraintismeaningfulornotinreal-life,itwouldnotatleastbemeaning-
lesstomakeasuggestionthatanintractableproblemcouldbesolvedin
reasonablecomputationtime.AlsoitshouldbepointedoutthatCSSPcan
besolvedveryef丘cientlycomparedwithCKP(see[1】),incontrasttothat
SSPisharderthanKPowingtotheconstantprofit-to-weightratio.
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